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7. Parshin’s higher local class field theory
in characteristic p
Ivan Fesenko
Parshin’s theory in characteristic p is a remarkably simple and effective approach to all
the main theorems of class field theory by using relatively few ingredients.
Let F = Kn, . . . ,K0 be an n-dimensional local field of characteristic p.
In this section we use the results and definitions of 6.1–6.5; we don’t need the results
of 6.6 – 6.8.
7.1
Recall that the group VF is topologically generated by
1 + θtinn . . . t
i1
1 , θ ∈ R∗, p ∤ (in, . . . , i1)
(see 1.4.2). Note that
i1 . . . in{1 + θtinn . . . ti11 , t1, . . . , tn} = {1 + θtinn . . . ti11 , ti11 , . . . , tinn }
= {1 + θtinn . . . ti11 , ti11 · · · tinn , . . . , tinn } = {1 + θtinn . . . ti11 ,−θ, . . . , tinn } = 0,
since θq−1 = 1 and VF is (q − 1)-divisible. We deduce that
K
top
n+1(F ) ≃ F ∗q , {θ, t1, . . . , tn} 7→ θ, θ ∈ R∗.
Recall that (cf. 6.5)
K topn (F ) ≃ Z⊕
(
Z/(q − 1))n ⊕ V K topn (F ),
where the first group on the RHS is generated by {tn, . . . , t1}, and the second by
{θ, . . . , t̂l, . . . } (apply the tame symbol and valuation map of subsection 6.4).
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7.2. The structure of V K topn (F )
Using the Artin–Schreier–Witt pairing (its explicit form in 6.4.3)
( , ]r:K topn (F )/pr ×Wr(F )/(F− 1)Wr(F ) → Z/pr, r > 1
and the method presented in subsection 6.4 we deduce that every element of V K topn (F )
is uniquely representable as a convergent series
∑
aθ,in,...,i1{1 + θtinn . . . ti11 , t1, . . . , t̂l, . . . , tn}, aθ,in,...,i1 ∈ Zp,
where θ runs over a basis of the Fp -space K0, p ∤ gcd(in, . . . , i1) and
l = min {k : p ∤ ik}. We also deduce that the pairing ( , ]r is non-degenerate.
Theorem 1 (Parshin, [P2]). Let J = {j1, . . . , jm−1} run over all (m − 1)-elements
subsets of {1, . . . , n}, m 6 n + 1. Let EJ be the subgroups of VF generated by
1 + θtinn . . . t
i1
1 , θ ∈ µq−1 such that p ∤ gcd (i1, . . . , in) and min {l : p ∤ il} /∈ J .
Then the homomorphism
h:
∗ –topology∏
J
EJ → V K topm (F ), (εJ ) 7→
∑
J={j1,...,jm−1}
{
εJ , tj1 , . . . , tjm−1
}
is a homeomorphism.
Proof. There is a sequentially continuous map f :VF × F ∗⊕m−1 →
∏
J EJ such that
its composition with h coincides with the restriction of the map ϕ: (F ∗)m → K topm (F )
of 6.3 on VF ⊕ F ∗⊕m−1 .
So the topology of
∏ ∗ –topology
J EJ is 6 λm , as follows from the definition of λm .
Let U be an open subset in V Km(F ). Then h−1(U ) is open in the ∗-product of the
topology
∏
J EJ . Indeed, otherwise for some J there were a sequence α
(i)
J 6∈ h−1(U )
which converges to αJ ∈ h−1(U ). Then the sequence ϕ(α(i)J ) 6∈ U converges to
ϕ(αJ ) ∈ U which contradicts the openness of U .
Corollary. K topm (F ) has no nontrivial p-torsion; ∩prV K topm (F ) = {0}.
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7.3
Put W˜ (F ) = lim−→Wr(F )/(F− 1)Wr(F ) with respect to the homomorphism
V: (a0, . . . , ar−1) →
(
0, a0, . . . , ar−1
)
. From the pairings (see 6.4.3)
K topn (F )/pr ×Wr(F )/(F− 1)Wr(F ) ( , ]r−−−→ Z/pr −→
1
pr
Z/Z
one obtains a non-degenerate pairing
( , ]: K˜n(F )× W˜ (F ) → Qp/Zp
where K˜n(F ) = K topn (F )/
⋂
r>1 p
rK
top
n (F ). From 7.1 and Corollary of 7.2 we deduce
⋂
r>1
prK topn (F ) = Torsp′ K topn (F ) = TorsK topn (F ),
where Torsp′ is prime-to- p-torsion.
Hence
K˜n(F ) = K topn (F )/TorsK topn (F ).
7.4. The norm map on K top-groups in characteristic p
Following Parshin we present an alternative description (to that one in subsection 6.8)
of the norm map on K top-groups in characteristic p.
If L/F is cyclic of prime degree l, then it is more or less easy to see that
K topn (L) =
〈{L∗} · iF/LK topn−1(F )
〉
where iF/L is induced by the embedding F ∗ → L∗ . For instance, if f (L|F ) = l then
L is generated over F by a root of unity of order prime to p; if ei(L|F ) = l, then there
is a system of local parameters t1, . . . , t′i, . . . , tn of L such that t1, . . . , ti, . . . , tn is
a system of local parameters of F .
For such an extension L/F define [P2]
NL/F :K
top
n (L) → K topn (F )
as induced by NL/F :L∗ → F ∗. For a separable extension L/F find a tower of
subextensions
F = F0 − F1 − · · · − Fr−1 − Fr = L
such that Fi/Fi−1 is a cyclic extension of prime degree and define
NL/F = NF1/F0 ◦ · · · ◦NFr/Fr−1 .
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To prove correctness use the non-degenerate pairings of subsection 6.4 and the
properties
(NL/Fα, β]F,r = (α, iF/Lβ]L,r
for p-extensions;
t
(
NL/Fα, β
)
F
= t(α, iF/Lβ)L
for prime-to- p-extensions ( t is the tame symbol of 6.4.2).
7.5. Parshin’s reciprocity map
Parshin’s theory [P2], [P3] deals with three partial reciprocity maps which then can be
glued together.
Proposition ([P3]). Let L/F be a cyclic p-extension. Then the sequence
0 −→ K˜n(F )
iF/L−−−→ K˜n(L) 1−σ−−→ K˜n(L)
NL/F−−−→ K˜n(F )
is exact and the cokernel of NL/F is a cyclic group of order |L : F |.
Proof. The sequence is dual (with respect to the pairing of 7.3) to
W˜ (F ) −→ W˜ (L) 1−σ−−→ W˜ (L) Tr L/F−−−−→ W˜ (F ) −→ 0.
The norm group index is calculated by induction on degree.
Hence the class of p-extensions of F and K˜n(F ) satisfy the classical class forma-
tion axioms. Thus, one gets a homomorphism K˜n(F ) → Gal(F abp/F ) and
Ψ(p)F :K
top
n (F ) → Gal(F abp/F )
where F abp is the maximal abelian p-extension of F . In the one-dimensional case
this is Kawada–Satake’s theory [KS].
The valuation map v of 6.4.1 induces a homomorphism
Ψ(ur)F :K
top
n (F ) → Gal(Fur/F ),
{t1, . . . , tn} → the lifting of the Frobenius automorphism of Ksep0 /K0;
and the tame symbol t of 6.4.2 together with Kummer theory induces a homomorphism
Ψ(p
′)
F :K
top
n (F ) → Gal(F ( q−1
√
t1, . . . ,
q−1√tn)/F ).
The three homomorphisms Ψ(p)F , Ψ
(ur)
F , Ψ
(p′)
F agree [P2], so we get the reciprocity
map
ΨF :K topn (F ) → Gal(F ab/F )
with all the usual properties.
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Remark. For another rather elementary approach [F1] to class field theory of higher
local fields of positive characteristic see subsection 10.2. For Kato’s approach to higher
class field theory see section 5 above.
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